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where Ci/7r2C0 = — 1 for simply supported stream wise edges
and —1.236 for streamwise edges, which are clamped.

3. Discussion

It follows from Eq. (7) for an infinite span panel (a/b = 0)
and with D -> 0, that if Nx = -Nx
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= [2/3]3/2 (9)
or

[2g/j8] = [2/3]8/2[ATx
8/£]1/2 (10)

Clearly, when M » 1, £ ->• M and Eq. (9) becomes identical
to Eq. (1). Thus, Eq. (6), which is derived in Ref. 4 from
an exact analysis for large negative values of A, leads in the
limiting case of D -> 0 to the result obtained by an alterna-
tive procedure in Ref. 1.

For an infinite span plate, but with D > 0, Eq. (7) can be
adapted to become

= «2 = x
[1 + 107T2€2][1 + 47T2€2]1/2 (11)

where e2 = [E1/o-x][h/a]2 and Eq. (11) can be shown to give
the form of Fig. 2 in Ref. 1. Conversely, if Nx = 0, Eq.
(7) becomes

Xcrg3 = a2 = [f ]3/2[l + 107T2€2][1 + 47T2€2]1/2 (12)

where e2 = [C0/2Ci](62/a2). Thus in the new notation a,e,
Eq. (12) has the same form as Eq. (11) for different initial
assumptions. This was also shown in Ref. 2.

Reference 4 has shown that the solution, Eq. (6), from
which Eqs. (7-12) have been obtained, is a very good ap-
proximation to the results for simply supported spanwise
edges for small negative values of A but is less good for
clamped edges. The corresponding exact results for all
negative A as given in Ref. 4 have been considered in terms
of the terminology a,e, and it is worth noting that the curves
thus obtained for simply supported and clamped spanwise
edges, respectively, agree with those presented in Fig. 1 of
Ref. 2.

4. Conclusions

The exact analyses of Ref. 4 have been shown to agree
with those of other references—in particular those of Refs.
1-3 for three-dimensional plates at high supersonic Mach
numbers. For membrane-type plates in which D -> 0 and
in the presence of large tensile chord wise in-plane stresses,

This appears preferable to that given in Ref. 1 and Eq. (9),
in that the quantities Nx and D are probably more easily de-
fined than <jx and E1. This is so because Nx is dependent
only on the external loading and only D is dependent on the
material selected. For many membrane materials the de-
termination of E1 from the bending rigidity D would require
a_n estimation of the effective thickness h, as would <rx from
Nx. For_a given material and flight condition, the required
value of Nx to ensure stability is given from Eq. (10) by

Nx = (13)
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Influence Coefficients for Pressurized
Cylindrical Shells of Finite Length
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IN this Note the influence coefficients for thin-walled
cylindrical shells of finite length subjected to uniform

internal pressure and axisymmetric edge loads are presented.
Only the final results are given here; the details of the deriva-
tion may be found in Ref. 1. Both cases, in which the edge
loads are symmetric or antisymmetric with respect to the
central cross-sectional plane of the cylindrical shell are
considered. The nonlinear coupling effect of the pressure
loading and edge ]oads is taken into account.

The equations governing the stresses and deformations of
a cylindrical shell under internal pressure and axisymmetric
edge loads are those given by Nachbar.2 In the derivation
of the equations, the secondary state direct stresses due to the
axisymmetric edge loads are assumed to be a small perturba-
tion on the primary state direct stresses or membrane state of
stress due to the uniform internal pressure.

With the usual notations (Figs. 1 and 2) and with the
following definitions

(ah)* [12(1 -
I

(ah) 1/2 [12(1 - „»)]««;

pa E
[3(1 -

(D

H = D \2E

D = M3/[12(l - v*)]

where a is the radius, 21 is the length and h is the thickness
of the cylindrical shell; the governing differential equation
can be written as

- 2p(d2w/d?) + w = 0 (2)

where p is the pressurization parameter defined in Eq. (1).

...fe/Wi?

Fig. 1 Sign con-
vention and
forces on an ele-

ment.
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Fig. 2 Sign convention for edge
loads H* and M*.

The boundary conditions to be satisfied at an edge of the
shell are

H = - - 2pdw/d£], M = d*w/d? (3)
where H and M are the nondimensional counterparts of the
axisymmetric edge loads H* and M * applied at an edge of the
shell as shown in Fig. 2.

Influence Coefficients

Symmetric loading
Consider the case of a cylindrical shell of finite length under

internal pressure with axisymmetric edge loads that are sym-
metric with respect to the central cross-sectional plane of
the shell as shown in Fig. 3. Then, writing for the deflection
and slope at the edge of the shell as follows:

= Cn'H dw (4)

One obtains the following expressions for the influence co-
efficients On*, Ci2«, C2i» and C22« (where the superscript s stands
for symmetric loading):
f o r p < l :

2a0[cosh2aX + cos20X]

C/12* = C2l8 =

C22* = —

f or p = 1:

Cn' =

- 2p) sin20X + 0(1 + 2p) sinh2«X]

[0 sinh2aX - a sin20X]

(5a)

- 2p) si 2p) sinh2«X]
(5b)

- cos2jSX]
- 2pj sin20X + 0(1 + 2p) sinh2o:X]

2a[cosh2o:X + 1]

C21* =

[(1 + 2p) sinh2aX + 2«X(1 - 2p)]

[sinh2o:X - 2aX]

for p> 1:

[(1 + 2p) sinh2aX + 2aX(l - 2p)]

_____ 2q[cosh2o!X - 1] ______
[(1 + 2p) sinh2dX + 2aX(l - 2p)]

cosh2gX] _________
2p) sinh2aX + a(l - 2p) sinh25X]

[d sinh2aX - a sinh2gX] _____

/e N(5c)

(6a)

(6b)

(6c)

(7a)

[5(1 + 2p) sinh2aX - 2p) sinh25X]
(7b)

Fig. 3 Symmetric
loading.

Fig. 4 An ti-symme-
tric loading.

2aS[cosh2aX — cosh25X]
[5(1 + 2p) sinh2aX + a(l - 2p) sinh25X]

where

; • • -

(7c)

<8>
and X is the nondimensional length parameter defined in
Eq. (1).

Antisymmetric loading
When the axisymmetric edge loads are antisymmetric with

respect to the central cross-sectional plane of the shell as
shown in Fig. 4, writing

C»*H + C^M (9)

where the superscript a stands for antisymmetric loading,
one obtains the following expressions for the influence co-
efficients Cna, Cif, C2ia and C22

a:

for p < 1:

2a/3 [cosh2a X-- (10a)2p) sinh2aX - a(l - 2p) sin20X]

_____[a sin20X + 0 sinh2aX]_____
- 2p) sinh2«X - «(1 - 2p) sin20X]

(10b)

2a0[cosh2aX + cos20X]
[0(1 +. 2p) sinh2aX - a(l - 2p) sin20X] (lOc)

Fig. 5 Influence coefficients Cn8 and Czz8 for symmetric
edge loads as functions of X.
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2a5[cosh2aX + cosh25A]
(12c)

2-0 v 3-0 *0 5-0

Fig. 6 Influence coefficients Cua and Cyf for antisym-
metric edge loads as functions of X.

f or p = 1:
2a[cosh2o:A -

[(1 + 2p) sinh2<*A - 2exA(l - 2p)]

[sinh2aA -
[(1 + 2p) sinh2aA - 2aA(l - 2p)]

_____2a[cosh2o;A + 1]_____
[(1 + 2p) sinh2cxA - 2aX(l - 2p)]

for p> 1:

C12« = <V =

_ _ _ _ _ - cosh25X]_____
[6(1 + 2p) sinh2o:X - a(l - 2p) sinh25X]

[a sinh25A + 5 sinh2aA]

(lla)

(lib)

(lie)

(12a)

2p) sinh2o:A - a(l - 2p) sinh25A]
(12b)

4-0

[5(1 + 2p) sinh2«A - a(l - 2p)sinh26A]

where a, ft and 5 are given by Eq. (8).

Numerical Results and Conclusions

Numerical calculations of the influence coefficients given
by Eqs. (5-7) and (10-12) were done on a CDC 3600 com-
puter for various values of the pressurization parameter p
and length parameter A. Figures 5, 6, and 7 show the graphs
of the influence coefficients as a function of A for various
specified values of the parameter p, up to a value of A =
5.0. Beyond this value of A, the length effect becomes negli-
gible and the values of the influence coefficients approach
that for a semi-infinite cylindrical shell under axisymmetric
loads at its edge.2 For p = 0 the expressions for the influence
coefficients given here agree with those given in Ref. 3 if due
allowance is made for the sign conventions and notations.
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Introduction

PAPERS pertaining to vibrations of the nonhomogeneous
plate1'2 or in different context, vibrations of plates of

variable thickness3-4 are not found in abundance in literature.
Z. Mazuriewiez1-2 in his two papers discussed the vibration

of the nonhomogeneous rectangular plate. There the
general problem was formulated in integral form and then
reduced to an infinite system of linear homogeneous equa-
tions. The eigenvalues appear as roots of an infinite de-
terminant and therefore the method does not afford exact
values. This Note has discussed the transverse vibration of
nonhomogeneous free circular plate. Nonhomogeneity of
the plate is characterized by taking

E = o- = ero(l - P2)«~2, (0 < p < 1)

where p = r/a, a the radius of the disc, E and a are Young's
Modulus and density, respectively, of the plate and a (integer
> 3) is the index of nonhomogeneity. Explicit closed-form
expressions are found for nodal frequencies, and effect of non-
homogeneity is shown in tabular form. The a — 3 case
coincides with Harris.4

Basic Equation

The equation of motion in polar coordinates for small de-
flection of plate4 is

) (1)

Fig. 7 Influence coefficient Cu for symmetric and anti-
symmetric edge loads as function of X.
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